: A 34 fs pulse from a Ti:sapphire laser (Coherent Astrella) at 800 nm was split in two and spatially filtered by two 900 µm pinholes. The temporal delay ∆t of the probe pulse was controlled by displacing the delay mirrors with a motorized translation stage (Thorlabs TZ200), providing resolution of 16 fs and range of 160 ps. Then, neutral density filter wheels were used to fine tune the power ratio between the pump and probe pulses. To achieve uniform pumping of the sample, a 200 mm lens at 2 f distance was used to focus the spatially filtered laser image from the pinhole on the sample. The angle of incidence, for both pump and probe spots, was ∼45 o and the spot was elliptical with an area of 0.1 mm 2 . The power dependence measurement was realized by blocking the probe pulse and inserting a motorized λ/2 plate and polariser before the beam splitter to control the incident pump pulse power. The photoluminescence (PL) was collected with a 10x objective (Nikon NA = 0.3) and the collimated back focal image was spatially cropped around the array by focusing it with a 200 mm tube lens on the plane where an iris was placed. A beam splitter was used to direct the cropped image to a 2D CCD and to the slit of the spectrometer, allowing the acquisition of real-and momentum-space sample images, simultaneously. An automated homebuilt software was used to scan the time-integrated photoluminescence response of our sample as a function of the delay between the pump and probe pulse. Note that the polarisation of the pump and probe pulse is along the x-axis of the sample throughout the main text. This polarisation generates x-polarised dipoles. We have also conducted experiments with y-polarised pump and probe in order to study the lasing dynamics of y-polarised dipoles. In real-space imaging configuration and in linear emission regime (pumping the dye at very low power), our double-pump time-integrated setup measures directly the average temporal resolution of the double-pump excitation. a, Shows the emission real space image from IR-140 solution on a substrate without nanoparticles, pumped simultaneously with both pump and probe pulses. The interference pattern indicates the phase overlap of the two pulses at zero time delay and 45 o of incident angle. By temporally displacing one of the pump spots around zero time delay (∆t = 0 ps), we can extract the effective pulse width directly from the contrast of the fringes as a function of time delay, similar to the operation of an autocorrelator. b, Shows the fitting of the fringe contrast to a Gaussian distribution with a FWHM of 70 fs. This was measured on the sample surface, and accounts for all temporal broadening from the optical elements in the measurement apparatus. Figure S3 : A broadband light source was used to illuminate a sample without molecules from the back side to measure transmittance. This configuration allows us to obtain the dispersions of the plasmonic arrays used in the experiments. a, Shows the extinction spectrum crosscuts at normal incidence (k = 0) for the periodicities that cover the range of samples measured in the lasing dynamics study in Figure 3 . When the periodicity is increased the linewidth of the mode decreases, and the quality-factor and SLR lifetime increases. The linewidths are 7.9 meV, 6.2 meV and 5.5 meV, corresponding to periods 570 nm, 580 nm and 590 nm, respectively. b, Lifetimes calculated for the band-edge SLR modes from the linewidths, a. These lifetimes are used in the rate equation simulations as cavity lifetimes. Figure S4 : a, Typical power dependence of the band-edge photoluminescence intensity (red dots) and linewidth (blue squares) is shown for an array of 100 nm diameter particles with 570 nm periodicity immersed in 15 mM IR-140 solution. The power dependence of the band-edge emission shows identical characteristics to case of x-polarised dipoles shown in the main text. It also shows excellent stability, as indicated form the error bars, and prominent nonlinear increase above threshold, concomitant with a sharp decrease of the photoluminescence FWHM. b, Threshold dependence for varying array periodicity. The lowest lasing threshold for both x-and y-polarised dipoles was achieved when the band-edge was located at 1.4 eV. This is a well known characteristic of dye-based lasers where the optimal threshold conditions are located in the red-side of the emission peak. This is usually the case of best trade-off between re-absorption (or other losses) form the dye and the available gain. c, Shows the E(k y ) dispersion from y-polarised dipoles (E(k y ) dispersion from x-polarised dipoles was shown in the main text) in a plasmonic array with periodicity 570 nm and 100 nm gold particle size. -40 -20
Figure S5: By scanning from large negative time-delays (∆t<0) and with a coarse resolution of 4 ps, we measured the spontaneous decay time, enhanced by the Purcell effect, to be 181 ±10 ps. This measurement was realised at P th pump power and with large scanning steps to avoid photobleaching and understimation of the spontaneous decay time. In previous transient absorption studies of IR-140 in solution, a biexponential lifetime was reported with a fast and slow relaxation of few picoseconds and few-hundred ps, respectively. 
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Figure S6: a. Typical time integrated photoluminescence of 100 nm particle arrays for P th , 1.1P th and 1.2P th . Similar to Figure 3 , the probe was set at 0.05P th . The array periods are 570-585 nm. b, Pulse duration and, c, pulse build-up time dependence for varying the location of the band-edge (in energy units). d-e, Lasing dynamics of arrays with 80 nm particle size. Note that for smaller particle arrays (80 nm), we observed nonlinear emission from a band-edge located at even higher energies (∼1.44 eV) where the nonlinear emission switching occurred at sub-picosecond time scales. The array periods are 560, 565, 570, 575, 580 and 590 nm. Figure S9 : Measured spectra at the band-edge of a 570 nm period array. The spectra were extracted from Figure 2(a-d) . Strong non-linear emission appears at P th . 
Figure S10: a, The dependence of the peak photoluminescence intensity on the pump fluence is shown for a 15 mM IR140 solution sandwiched between two glass slides (in absence of metal nanoparticle arrays), and b the corresponding emission spectra. The error bars here represent the standard deviation of measurements in three different locations in the dye solution. This control experiment shows that lasing in our samples is achieved only when the IR-140 emission couples to the SLR mode of the nanoparticle arrays. Note that for low pump fluence the emission increases linearly, while for powers above 0.3 mJ/cm 2 the dye shows clear photobleaching. In the lasing experiments shown in Figure 2 , we maintained pumping below values which would cause photobleaching of IR-140. Figure S11: Momentum-space images of a 100 nm particle array with periodicity of 565 nm and x-dipole polarization. This periodicity shows relatively good beam directionality and more-than 100 GHz modulation speed. d Shows the non-linear emission of a 80 nm particle array with periodicity of 560 nm for the y-polarization. The y-polarized dipoles lead to the shallow dispersion shown in Figure S4c . Despite the poor quality of the emission, build-up time and pulse duration in this array are in the femto-second regime, see Figure S6 (d-e). This is clearly shown in e, where we plot the average of three consecutive measurements. Figure S12 : We performed simulations with 144 different parameter choices, for two pump fluences, a-b. The symbols and colors given on the right specify the parameter choices. We conclude that the cavity lifetime, τ cav , is the dominant parameter in determining the modulation speed. This is seen in the clear downward trend of the modulation speed when the cavity lifetime changes from 40 fs to 160 fs. The second dominant parameter is the relaxation time from level 3 to 2, τ 32 . Based on the the non-linear rise at threshold in typical input-output curves of our nanoparticle lasers (see Figure 2) , β is on the order of 10 −3 and does not considerably vary as a function of periodicity. Based on the extinction data, the cavity lifetime varies between 80 to 120 fs. Moreover, the change of lasing energy (band-edge) with respect to the vibrational manifold of the molecule excited state is estimated to change the relaxation time from level 3 to 2 within 400 to 700 fs. Purcell effect, and thus τ 21 , is the most difficult parameter because it is highly spatially dependent in plasmonic systems. In the current manuscript, we have extracted the Purcell factor from the negative time delays of the double-pump experiment. This yields to a radiative lifetime of τ 21 = 720 ps. The dashed circles indicate the most relevant regions in the plot. Pump/probe pulse Figure S13 : Our system is a gain-switched laser that behaves similarly to Q-switched lasers. The rate equation model shows that when the pump fluence is increased much higher than the threshold value, the laser may generate multiple output pulses. When the over-pumping ratio (c.f. Q-switched lasers) is increased, the population inversion can recover above its threshold level after the first output pulse. This can happen due to accumulation of the population in the lower laser level N 1 (see Figure 4 of the main text) that prohibits the depletion of the upper laser level N 2 by stimulated emission during the first pulse. In our case, the spontaneous decay from the lower laser level N 1 to the ground state N 0 is slow (τ 10 = 4 ps) compared to the cavity lifetime (τ cav ≈ 100 fs), which causes a severe bottle-neck to the population flow. When N 1 depletes, the population inversion N 2 − N 1 recovers above the threshold level and another output pulse may occur. If the over-pumping ratio is small (pumping close to the threshold) the population of N 2 is not large enough such that the inversion would recover above the threshold level after the first output pulse. This is the case in our experimental study of pulse generation dynamics in nanoparticle-array lasers. The generation of the laser pulses in our laser scheme is also related to well-known laser-spiking and relaxation oscillation phenomena which might occur in continuouswave lasers at onset. Besides the ratio of τ 10 and τ cav , these phenomena depend also on the ratio of the upper laser level lifetime (1/τ 2 = 1/τ 21 + 1/τ 20 ) and τ cav . However, the model of a Q-switched laser better describes our gain-switched laser scheme. For comprehensive theory description, see Refs.
2,3
Method 1: Rate-equation model.
The rate equation model consists of the following coupled equations:
where the population of each level are denoted with N i and decay times with τ i as illustrated
in Figure 4 . Here, n ph is the photon number in the lasing mode, β is the coupling fraction of spontaneous emission to the lasing mode and τ cav the cavity lifetime (i.e., the SLR lifetime), r is the pump rate proportional to the pump electric field intensity that contains pulses for both the pump and the probe that have a Gaussian temporal shape.
In this model, the threshold value for population inversion is defined by comparing the gain and loss terms for the photon number n ph in Eq. S1. The optical gain must overcome the loss, and just at threshold they are equal
The inversion between the laser levels 2 and 1 is N * = N 2 − N 1 , so the threshold value becomes
This condition equals approximately to the condition of dn ph /dt = 0, as the spontaneous emission term in Eq. S1 is small compared to the other two terms when the system is lasing.
Therefore the output reaches an extreme value always when N * = N * th . It means that the output has a maximum value (i.e., an output pulse is generated) when the population inversion crosses the threshold value from above. That is exactly the behaviour expected for Q-switched (or in our case, gain switched) laser.
2
The dynamics of laser output is affected by the interplay between different parameters: β, τ 21 , τ 32 and τ cav (see the four-level diagram in Figure 4a ). In Figure S12 we present a systematic study of the effect of these parameters on the modulation speed. The relevant parameter ranges are chosen as follows. Based on the typical threshold curves of our nanoparticle lasers, β is on the order of 10 −3 , given by the non-linear jump at threshold (see Figure 2 of the main text). Based on the extinction data, the cavity lifetime varies between 80 to 120 fs. Moreover, the change of lasing energy (band-edge) with respect to the vibrational manifold of the molecule excited state is estimated to change the relaxation time from level 3 to 2 within 400 to 700 fs. Purcell effect, and thus τ 21 , is the most difficult parameter because it is highly spatially dependent in plasmonic systems. We have extracted the Purcell factor from the negative time delays of the double-pump experiment. This yields a radiative lifetime of 720 ps, by taking the intrinsic lifetimes from Ref.
27
(τ 21 = 5.1 ns and non-radiative τ 20 = 240 ps) and assuming that only the radiative decay channel is enhanced. As reported in Ref., 14,18 the fast decay component (below threshold) can be less than 30 ps, and the Purcell factor in the vicinity of the gold nanoparticles of the order ∼200. However, we use the experimentally extracted decay time, τ 21 = 720 ps, that is an average value of the molecules that participated in lasing action (this gives Purcell factor of 7). In the double-pump experiment with negative time delays, when the weak probe-pulse arrives first, only those molecules that are located in the mode volume of the lasing mode can contribute to time-integrated lasing signal. In other words, the emission of those molecules that are outside the lasing volume cannot vary as function of the delay between the probe and the pump (that causes lasing). This means that the decay time we extract from the output intensity as function of delay time is for those molecules participating in lasing action. With this choice for τ 21 , the time-integrated photoluminescence in the rate equation model matches excellently to the experiments.
Method 2: Finite-Difference Time-Domain (FTDT) simulations.
In our FDTD lasing simulations, we apply a semi-classical lasing model 3 with a four-level gain medium to our array structure. [4] [5] [6] [7] In this approach, Maxwell's equations are coupled to polarisation densities for dye emission and absorption, and these in turn are coupled to rate equations for the four-level molecule. Since we are in the weak coupling regime, equations for polarisation densities can be eliminated. Figure S7 demonstrates the field magnitude in the array plane. In the figure, we used the scale of the electric field set by the strong coupling condition 
